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Abstract

Here in this paper a review of some Fast Fourier Transform (FFT) algorithms are presented. FFT employs the idea of
dividing the Discreet Fourier Transform (DFT) to smaller ones and compute each transform separately, in addition to
transform the signals in time domain to frequency domain. There are several types of FFT, some of them deals with even
samples (Radix II), while the other deals with any even samples. Off course there are types that deal with odd samples,
but they are somehow complicated. Than we introduce other algorithm Sparse Fast Fourier Transform (SFT) which
outperform the old FFT and have better performance when we have very large input sequence. Than the
multidimensional FFT is reviewed. In addition to summarized some FFT's applications.
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1. Introduction

DFT (Discreet Fourier Transform) is considered an important part of digital signal processing, and in various
applications, we may need to compute the DFT, which is defined as:

X(k) = IN-Lx(n) Wi

And the Invers DFT:

x(W) = TINGX(R) W™ (2)

ek

Where W, = e W

And because of the complexity of the equations, we have (N2) complex multiplication and (N2 - N) complex addition, it’s
necessary to find more efficient and fast algorithms to compute the DFT. Such algorithms are called FFT (fast Fourier
transform). So in essence FFT algorithms are simply the efficient way to compute the DFT [1]. The different methods
that can be used to compute the DFT efficiently are depends on fundamental idea which is, first dividing the
transformation to simple smaller ones, and second compute the transform to this simple problem. [2]. We will see
several algorithms that employ this idea

2. Radix-2 Algorithms

The basic idea behind these algorithms is the DFT of a Length-N sequence, which is N = 2i. It can be simply calculated
from the two Length-N/2 DFT's of the even index terms and the odd index terms. This is then applied to the two half-
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length DFT's to give four quarter-length DFT's, and repeated until we have DFT of length 2 which is considered the FFT
butterfly, so N DFT values can be calculated. If we alternately take the even and odd index terms of the input sequence,
the algorithm called DIT (Decimation in Time), while, if we take the input sequence as the transform sequence, and we
take the even term and the odd term alternately, then this algorithm is called DIF Decimation in Frequency. The dividing
process is repeated logzN times and requires N multiplications each time. This gives the famous formula for the
computational complexity of the FFT of (N logzN) [3]. We can drive the Radix-2 equation DIT using the definition of DFT
in eq (1) as follow:

X(k) = Z XMW + Zx(n)w;,*
even odd

21

n=0

N
X(k) = x(2Zn)We* + W r21=; X(20 4 1)WK- v (3)
2 2

Eq (3) will repeated until we have two-point DFT. we can drive the DIF equations using the same simple idea [3].

3. Radix-3 Algorithms

Radix-3 algorithms can be used if N=3i, and basically the idea is the same as radix-2. The objective is to divide the
transform to simple smaller ones. But the deferent here is the sequence will divided by 3, and we take the transform
until we have just three points DFT. Here also we have, DIT and DIF algorithms which depend on application off course,
and the deferent between them is the transform sequence that consider generally as multiple of three. The radix-3
equation decimation in time can be derived as follows [4]:

N N N
—_1 N N_
X(K) = 57 x(BnWE™ 4 35 x(3n + DWEH K L 55 x(3n + )Wk
Which simplify to:
() = xlit Wrsr2es Watkxdi (4)

Where x1, x2 and x3 are each N/3 DFT with the sequence (0,3, 6,..,N-3) and (1,4,7,..,N-2) and (2,5,8,...,N-1),
Respectively. We repeat eq (4) until we have just three points DFT which considered the butterfly of radix-3.

4. Radix-4 Algorithms

When N = 4i, we can always use radix-2 butt in this case, it's more efficient to use radix-4 algorithm. A radix-4 FFT is
easily developed from the basic radix-2 structure by replacing the length-2 butterfly by a length-4 butterfly and making
a few other modifications. Increasing the radix to 8 gives some improvement but not as much as radix-4. Increasing it
to 16 is theoretically promising but the small decrease in multiplications is somewhat offset by an increase in additions
and the program becomes rather long. Other radices are not attractive because they generally require a substantial
number of multiplications and additions in the butterflies [5].

Like other algorithm here we also have DIT and DIF depending on how we divide an assign our data. The definition of
DFT in eq (1) can be used to drive the equation of Radix-4 DIT as follow [6].

H—‘l E_] E—‘l
X(K) = Yo x(An) Wtk + Y27 x(an + WS R 4 357 x(4n + )Wk 4
N

—1
s x(4n + WK

X(k) = x1, + WEx2,, + W2kx3,, + W3¥x4 g (5)

And we repeat eq (5) until we have DFT of 4 point, which in this case considere the building block and the butterfly of
this algorithm.
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5. Split-Radix FFT

The basic idea behind the split-radix FFT (SRFFT) is the combination of radix-2 and radix-4 algorithms together. Which
yelled to the lowest number of multiplication and addition. It relates a Length-N DFT to one Length-N/2 DFT and two
Length-N/4 DFT's. Repeating this process for the half and quarter length DFT's until scalars result gives the SRFFT
algorithm in the same way the DIF radix-2 [7,8].

The resulting flow graph for the algorithm calculated in place looks like a radix-2 FFT. The L- shaped SRFFT butterfly.
Advances the calculation of the top half, while the lower half, like a radix-4 butterfly. The algorithm is based on
observation that at each stage a radix-4 is better for the odd DFT coefficients and a radix-2 is better for the even DFT
coefficients. The algorithm is derived by using decimation in frequency DIT as follow: [6].
The N point DFT of N=2i can be decomposed as follow:

X(2k) k=0,1,2,..,.N/2 -1

X(4k+1) and X(4k+3) k=0,1,2,..,N/4 -1

X(2k) = 2 x(n)W]\%kn _|_ZN NX(TL) an

X(2k) = [x(n) +x(n+ )] KMwhere k=0,1,2,.N/2-1 .. (6)
Here eq (6) is N/2 radix-2 DIF FFT. Similarly, the next Two part can be written as:
2 N N 3N
X(4k +1) = Ti_o((x() — jx(n+3) — x (n +3) Hjx(n + DWHwes ()
4

X+ 3) = S0+t + ) =2 () mjatn + Do )

Eq (7) and eq (8) are radix-4 DIF algorithm for k=0,1,2,..,N/4 -1. And we repeat eq (6,7,8) to further divide the
transform to smaller part [9,10].

6. Sparse Fast Fourier Transform Applications:

There are some applications for SFT, and can be summarized as follows:

6.1. Multidimensional FFTs

The multidimensional (M-D) Fast Fourier Transforms (FFTs in 2D or more dimensions) are used in many applications

such as image processing, applied physics. These applications require large amount of computations. The general form
of the multidimensional FFT is as follows:

Ni—=1Na—=1  Np-I

X(uy,us, ..., Up) = Z Z Z W;\‘,ll”‘ :

v1=0 =0 U =0

UV
: ‘VN,,: XV, 005005 Um)

where Wyk=exp(-N2rkj),uk=0,1,..., uk-1; ukis the length of the kth dimension k=1, 2,..., mand x(v1,v2,...
vm) are the complex input data sequences. Equation (10) is converted into m one-dimensional FFTs as follows:
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This provides the simplest algorithm where each one-dimensional FFT can be computed by the Cooley-Tukey FFT [11],
or SFT algorithm. So this algorithm is known as row- column algorithm [12]. Several algorithms have been proposed
for the multidimensional FFTs such as the Vector-Radix Algorithms (VRA), the polynomial transform algorithms and
the Split Vector-Radix Algorithms (SVRA) [13]. These algorithms reduce the complexity over row- column algorithm.
In [14], a fast algorithm has been derived based on vector coding for multidimensional integral points. This algorithm
has reduced the multiplication complexity and the number of recursive stages without increasing the number of
additions. However, the most popular one among these algorithms is the row-column decomposition algorithm, due to
its simple structure and easy to program.

6.2. Spectrum Sensing and Decoding

The ever-increasing demand for wireless connectivity has led to a spectrum shortage which prompted the FCC to
release multiple new bands for dynamic spectrum sharing. This is part of a bigger vision to dynamically share much of
the currently under-utilized spectrum, creating a wide spectrum superhighways that can be shared by different types
of wireless services. However, a major technical obstacle precluding this vision is the need for receivers that can capture
and sense the GHz of spectrum in real-time in order to identify unoccupied bands quickly. Such receivers consume a lot
of power because they need to sample the wireless signal at Giga Sample/sec. To overcome this challenge, we leverage
the fact that the wireless spectrum is sparsely utilized and use the Sparse Fourier Transform to build a receiver that
can capture and recover GHz of spectrum in real-time, while sampling only at Mega Sample/sec [15,16].

6.3. GPS Receivers

GPS is one of the most widely used wireless systems. In order to calculate its position, a GPS receiver has to lock on the
satellite signals by aligning the received signal with each satellite’s code. This process requires heavy computation,
which consumes both time and power. As a result, running GPS on a phone can quickly drain the battery. GPS
synchronization can be reduced into a sparse computation problem by leveraging the fact that only the correct
alignment between the received GPS signal and the satellite code causes their correlation to spike. We can develop a
GPS receiver that exploits the Sparse Fourier Transform to quickly lock on the satellite signal and identify its location.
With significant reduction in localization delay and power consumption [17,18].

7. General Applications Uses FFT Algorithms:

There are some applications for FFT that can be summarized as follows:

7.1. Digital Signal Processing Applications

Spectral analysis of signals is one of the most important and core application FFT. By analyzing the spectra of input
signals in frequency domain, the unknown parameters such as frequency, amplitude, power spectra, and phase
parameters of a signal can be observed that are not easily detectable in time domain waveform [19].

7.2. Applications to Communication

FFT is an important functional block in modern communication systems, specifically for applications in Orthogonal
Frequency Division Multiplexing (OFDM) systems, such as Digital Broadcasting [14], Worldwide Interoperability for
Microwave Access (WiMAX) [20,21], IEEE 802.11 standards [22], Long-Term Evolution (LTE) [23].

7.3. Image Processing Application

FFT is used in medical imaging [24] for image filtering, image analysis and image reconstruction. In the Fourier
representation of images using FFT, spectral magnitude, and phase tend to play different roles. In [25], Oppenheim and
Lim demonstrated the importance of phase spectrum over magnitude spectrum. Further in [26], it is shown that the
phase information plays a more important role than the magnitude. Some of the important applications based on the
FFT-based image matching include face recognition, iris recognition, palm print recognition, fingerprint matching and
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waveform matching. In [26, 27], a new image quality assessment algorithm based on the phase and magnitude of the
two dimensional DFT has been proposed, which pointed out that both amplitude and phase spectrum are required for
perfect image reconstruction.

Fourier Transform in the West (FFTW), which contain a FFT library (C codes) is used for computing the DFT in 1- D or
more dimensions of various input size for both real- and complex-valued input data. Image processing applications
make use of FFTW. However, today’s applications need to process a huge amount of data sets demands fast computation
of FFT. The Sparse FFT algorithm [28] addresses this problem by providing a sublinear complexity which utilizes the
sparsity in the Fourier domain (considering only frequencies with information). The fast computation makes the sparse
FFT a promising tool for many data-intensive applications such as 4D light fields [29] and 2D Magnetic Resonance
Spectroscopy (MRS) [30].

8. Sparse Fast Fourier Transform (SFT) [15,31]

All the algorithm previously mentioned depends on fundamental idea which is, dividing the big transform to smaller
ones that we can compute separately. And since the sixty’s this was the idea to the method of computing the DFT, and it
was adopted since then in all the applications that need the computation of the DFT. This FFT’s algorithm are efficient
and fast if the number of sample are relatively low, but when N become very large even these algorithms become
inefficient and slow. So because of the bad performance of the FFT’s algorithm at large N, it's necessary to develop better
and faster algorithm. And this why Sparse FFT (SFT) was developed. It basically uses the sparsity of the signal in clever
way to reduce the computation.

The meaning of sparse signal is that if we use eq (1) to compute the DFT most of the value are either zero or close to
zero. So SFR algorithm is use this fact to compute the DFT of the signal from subset of the input sequence. The algorithm
framework is as follow:

8.1. Frequency Bucketization

The Sparse Fourier Transform starts by hashing the frequency coefficients of x(n) into buckets such that the value of
the bucket is the sum of the values of the frequency coefficients that hash into the bucket. Since x(n) is sparse, many
buckets will be empty and can be simply discarded. The algorithm then focuses on the nonempty buckets and computes
the positions and values of the large frequency coefficients in those buckets in what we call the frequency estimation
step. The process of frequency bucketization is achieved through the use of filters. A filter suppresses and zeroes out
frequency coefficients that hash outside the bucket while passing through frequency coefficients that hash into the
bucket. The simplest example of this is the aliasing filter. Recall the following basic property of the Fourier transform:
subsampling in the time domain causes aliasing in the frequency domain.

8.2. Frequency Estimation

In this step, the Sparse Fourier Transform estimates the positions and values of the non-zero frequency coefficients
which created the energy in each of the non-empty buckets. Since x(n) is sparse, many of the non-empty buckets will
likely have a single non-zero frequency coefficient hashing into them, and only a small number will have a collision of
multiple non-zero coefficients. We first focus on buckets with a single non-zero frequency coefficients and estimate the
value and the position of this non-zero frequency, i.e., X(k) and the corresponding k. In the absence of a collision, the
value of the non-zero frequency coefficient is the value of the bucket it hashes to since all other frequencies that hash
into the bucket have zero values. Hence, we can easily find the value of the non-zero frequency coefficient in a bucket.
However, we still do not know its frequency position k, since frequency bucketization mapped multiple frequencies to
the same bucket. The simplest way to compute k is to leverage the phase-rotation property of the Fourier transform,
which states that a shift in time domain translates into phase rotation in the frequency domain. Specifically, we perform
the process of bucketization again, after a circular shift of x by T samples. Since a shift in time translates into a phase
rotation in the frequency domain, the value of the bucket changes Hence, using the change in the phase of the bucket,
we can estimate the position of the non-zero frequency coefficient in the bucket.

8.3. Collision Resolution

Non-zero frequency coefficients that are isolated in their own bucket can be properly estimated as described above.
However, when non-zero frequencies collide in the same bucket, we are unable to estimate them correctly. Hence, to
recover the full frequency spectrum, we need to resolve the collisions. To resolve collision, we need to repeat the
frequency bucketization in a manner that ensures the same nonzero frequencies do not collide with each other every
time. The manner in which we achieve this depends on the type of filter used for bucketization. For example, with the
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aliasing filters described above, we can bucketize the spectrum multiple times using aliasing filters with co-prime
sampling rates. Co-prime aliasing filters guarantee that any two frequencies that collide in one bucketization will not
collide in the other bucketization. Iterating between the different bucketizations is done by estimating the frequencies
from buckets where they do not collide and subtracting them from buckets where they do collide, also ensuring that
each non-zero frequency will be isolated in its own bucket during some iteration of the algorithm. This allows us to
estimate each non-zero frequency correctly. Thus, at the end of the of the collision resolution step, we have recovered
all non-zero frequencies and hence have successfully computed the Fourier transform of the signal.

9. Conclusion

DFT is very important transform in Digital signal processing, and it has many applications in different areas. So it's
desirable to find efficient way to compute it. The paper starts with the idea of basic FFT algorithms, which do well when
N is not very large. For large N the old FFT algorithms become inefficient so we introduced the SFT which assume sparse
input signal and compute the DFT from subset of the input signal. This will outperform the old FFT’s and finally we
introduce the multidimensional DFT which simply can convert it to multi one dimension FFT and all one Dimension
algorithms can be applied to compute the transform.

Recommendations

In the research of this field of Digital Signal Processing (DSP), it is favourable to begin the study with DFT first, secondly
we study the FFT algorithms, and why they used instead of DFT. Finally we can study the SFT and Multidimensional FFT
with it effect on time domain and frequency domain.
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